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LIST OF SYMBOLS. 


t=thickness (inches) of disc at any radius r (inches). 

p=hoop (tensile) stress (Ibs. per sq. in.) at any radius 
r (inches). 

q=radial (tensile) stress (Ibs. per sq. in.) at any radius 
r (inches). 

R=neck radius of dise (inches). 

2 

R,=bore ,, ” ” 

R,=mean radius of rim or drum (inches). 


R= ., + blading (inches). 


T= 


neck thickness (inches) of dise (at radius R inches). 

Ty=central —,, 5 », disc of uniform strength, 

J=nett radial section of rim (sq. inches) or mean. thick- 
ness of drum (inches). 

W,=weight of rim (Ibs.), or weight of drum (Ibs. per inch 
length of drum). 

W, =total weight (Ibs.) of blading on a disc or weight o! 

blading (Ibs. per inch length of drum). 


P Shoop (tensile) stress (Ibs. per sq. inch) at radius R 


(inches). 

Q=radial (tensile) stress (Ibs. per sq. inch) at radius R 
(inches). 

P, =hoop (tensile) stress (Ibs. per sq. inch) at radius ine 
(inches) of a bored disc or at centre of 2 solid flat dise. 

IF =hoop (tensile) stress (Ibs. per sq. inch) in rim or in drum. 

M=R=R,. 

n=(constant) index for bored discs. 

C=constant for a bored dise=tr ™ 

A and B are constants for determination of P. See Figs. 3 
and 4. 

Ay and _B, are constants for determination of P,. See 
Figs. 5 and 6. 

U, V, and S are dimensions (inches) used in calculating flank 
Stress. See Fig. 13. 


A=centrifugal load (Ibs. per inch of circumference of radius 


S). 
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D and D, are dimensions (inches) used in calculating shrin- 
kage stress. See Fig. 1. 
p=D,+D. 
hrinkage or force fitting strain (inches per inch). This 
symbol is also prefixed to other quantities in’ which 
case it means ‘f increment.” 


ow 


N-=revs. per min. 

K =8 x (N = 1000)?. 

+= K+(2 Q). 

gravitational acceleration (inches 
per sec.*) 


E=Young's Modulus of Elasticity | 
(Ibs. per sq. inch) See Appendix. 
g=Poisson's Ratio \ 
e=base of natural or Naperian 
logarithms 
Y, Yo Z a, a2 Py fy and w are temporary constants used in 
deriving the formule. 


cr 
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INTRODUCTION. 


In treating of the strength of rotating discs for steam tur- 
bines, it is usual to begin by lamenting that mathematicians 
have no exact way of calculating the stresses in discs of the 
forms actually used. Unfortunately the stresses in any part of 
any machine or structure cannot. be culated exactly; it is 
always a matter of approximation. 


The usual form of disc, which has its. thickness inversely 
proportional to a power of the radius, is eminently suitable for 
practical purpos It is not uniformly stressed throughout— 
the hoop stress is usually greater near the hub than near the 
rim. We are, however, generally limited by the requirement of 
a minimum thickn at the rim, and therefore, if we made the 
hoop stress uniform, the disc thickness at the hub would be in- 
conveniently great. 


Outlines of dises of the type referred to are shown in Fig. 1. 
The thickness at the rim is the same in all cases, and the indices 
(i.e, the powers of the radius to which the thickness is inversely 
proportional) are respectively 4, 1, 3/2, and 2. Of course, the 
shape of the dise is actually formed by straight cuts, but it is a 
air assumption that only small deviations from theoretical stress 
are caused by small modifications of theoretical thickness. 


There is no great difficulty in following the mathematical 
theory, nothing beyond a fairly elementary knowledge of differ- 
ential equations being involved, and I propose, in these notes, 
to give in some detail the working out for the general case. It 
is Sometimes asked: Cannot the stresses be found by some 
graphical step by step process like those in a beam irregularly 
loaded? The answer is dificult, for the radial and hoop stresses 


are both bound up with the radial and hoop strains and with 
zach other. 
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By R. Garpser (Member). 
Ll THE STRAIN EQUATIONS. 
p=hoop stress at radius r inches. 
q=radial stress at radius r inches. 


I =Young’s Modulus of clasticity. 
¢=Poisson’s Ratio. 


Considering a point in the disc at radius r which increases by 
$ I y 


strain to r+u, we have, as shewr in Morley’s *! Strength ot 
Materials,” Par. 126— 
u poo 
Hoop Strain= — = ——— 
T 4 
du q-op 
Radial Strain= — = ——— .......... (2) 
dr iE 
Putting (1) in the form— 
Lu=pr-oqr 
and differentiating, we obtain :— 
Edu=pdr + rip-s qdr- ¢ rdq. 
From (2) we have— 
Edu=qdr— ¢ pdr 
Therefore— 
pdr+rdp—¢ qdr—¢ rdq=qdr—e pdr 
or, rdp+(l4¢) pdr=o rdq+(1+e)qdr 
snsghimennisind aennes ainnwend (3) 


; A F ‘ ; 
We thus have a relation, not involving strain, between the 
hoop and radial stresses. 


Let both sides of equation (3) be multiplied by r. The 


lig lie 


left hand side is then the differential of pr, or d (pr ), 


therefore, making this substitution— 


lig liye 
r 


d (pr )=er dq+(l4s) qr dr 
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2. THE EQUILIBRIUM CONDITION. 


We now proceed to find, from considerations of equilibrium, 
a further equation connecting p and q so that they may be 
separately determined. 

The centrifugal force on 1 cub. inch of steel (due to its own 


mass) is 
— xXrxX = ) Ibs. 
“ 6U 


N=revs. per min. 


g=12x 
(1 cub. inch of steel weighs about .23 Ib.) 


The expression reduces to 


Gy” 
1000 
1000 


we have centrifugal force=Kr Ibs. per cub. inch of steel. 

Now consider an element of the disc as indicated in Fig. 2 
The thickness of the disc at this point is t inches, and the element 
is that part of the sector do between radii r ‘and r+dr. ‘The 
volume of the clement is rdg x tx dr cub. inches. t is, of course, 
a function of r, but its variation does not enter into the present 
discussion ; an attempt to allow for the v ation of t over the 
range dr would give rise to a term involving dQxdtxdr, and 
this being an infinitesimal of the third order, is negligible, since 
we are dealing with terms of the second order. 

Multiplying the volume of the element by — we have 


centrifugal foree on element due to its own mass= 


or if we put 


7 
oo 


Kr? t dr do 


The radial foree on the inner face of the element 


=stress x area 
=qxt rd 


8 Tne Srrencti oF Roratinc Discs. 


Ij . 
w= ay mks robe 
| 
| | AXIS. i 


’ 1 
ae 
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Fic. 1. 


DIAGRAM OF FORCES ON ELEMENT OF DISC. 
Fic. 2. 
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Tie 
Similarly, the radial foree on the outer face 


=(q4dq)x(t+dt) (r+dr) do 


=(qtr4 qt dr+tr dq+rq di) do 


terms containing infinitesimals of higher order than the second 
being neglected. 
Subtracting the force on the inner face from the force on 
the outer face, we have nett outward radial force 
=(qt dr+ir dqyrq dt) do 
=d (qtr) do 
The hoop tension on euch end of the element 
=stress x area 
= poet dr 
and the angle between its direction and the tangent at the centre 
d@ 
of the clement is —. Hence the inward radial foree due to the 
WA 


hoop tensions on both ends of the element 


da 


=2xpt dr sin 
2 
2 


=pt dr do 
We have then the equation of equilibrium : 


pt dr dg=Kr° t dr do4d (qtr) do 


or, (p Kr?) t dr=d (qrt) 


3. A THIRD DATUM NECE 


In the process of determining the stresses p and q we have 
obtained two equations, viz., (3) of Par. 1, and (1) of Par. 2. 
In the latter, however, a third variable, t, is involved, hence a 
third condition must be specified before a solution is possible. 
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In the case of a solid disc, (i-e., a disc not bored through 


the centre), we may make the very simple condition— 
p=q=constant 


It will be seen that this satisfies the strain equation, (3) ol 
Par. 1, and the solution is readily completed by inserting the 
condition in the equation of equilibrium, (1) of Par. 2. : 

We shall return later to consideration of this simple form of 
disc (see Par. 17). It is only in special cases that a disc or 
rotor is solid. When the disc is centrally bored, we cannot 
secure the condition p=q everywhere, for at the bore q=O and 
p does not=O, and it becomes nec to adopt a formal 
method of working out the problem. 


4. SHAPE OF CENTRALLY BORED DISC. 


The form of disc we adopt for central bore has its thickness 
specified by the relation— : 
n 
tr =constant 


n being a constant fer the given disc. 
Differentiating (1), 


n n—-1I 
r dt+or t dr=O, 


whence our third datum may be written in the form— 


rodt 


5. DETERMINATION OF THE STRESSES. 
Referring to Eq. (1) of Par. 2, the right hand side 
d (qrt)=qr dt+qt dr+rt dq. 
The equation is therefore 


ot -r dt dq 
= Gy +qa+r 


Pp Kr 
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Therefore, from Eq. (2) of Par. 1— 


: dq 
p- Kr =-—ng+q+r— 
dr 
dq “ 
or m—1) 4 p Tet” sawerenn (1) 
dr 
lo 
Multiplying by r 
aa... 14 : 
ne Ce Gee” HY qrite 
dr 


Differentiating, and for do (pr 
hand side of Eq. (4), Par. — 


Z dq a dy 
rte + Cte) ee — 
dr* dr 
te dq 
— (n—1)r7 "— — (n—]) (14+e) ar” 
dr 
_ dq 
att = O40 a0 
dr 


o 
Collecting the terms; and dividing throughout by r 
Pq dq 
ro o— + B—mMr— —- n(l4+o)q = — (+0) Ke...) 
dr? dr 


This is a well-known type of differential equation of which 
the solution is— 


q=Y¥, rp Vi r%24 Zr 


where Y 
stituting 


i Vay Z, 21 a are constants. g,, 2, are found by sub- 


q=constant x r 
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in the left hand side of (2) and equating it to zero. This gives-~ 


a (a-1)+(8-n) g—n (l+e)=O0 


5 taal 


a +(2-n) g—n (14+ ¢)=0 


and a, a are the roots of this equation : 


n 
eo lpoty 
2 
n 
x, = = 1l+—-ao 
2 
| ae n : 2 
where © =4/ l+ton+ (-) 
The constant Z is found by putting 
q=Zr? 
in (2). The result, after dividing throughout by r?, is— 
2 Z+2 (8-n) Z-n (1+c) Z=-(3+0) K 
whence— 
(8+) K 
~ 8 = B49) 0 


The solution of (2) now stands in the form 


(8+0) K 


qe Vigo + Yyr%? a 


a 
8-(8+.) n 


(3) 
To find the hoop stress, we have from (1)— 
dq 


p = Kr’ + r— — (n—1)q 
dr 
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and substituting for q from (3)— 
4 Va 


oy? + 2 Zr* 


p=Kr+ « Vyr% 
—(n- pyr — (n—1) Yar “2-12 


= (If o,-mYr% + (+o,—n)Y,r~? 
+ [K+(3—n)Z] r 
(3—n) (8+¢) 


And K+(3—n) Z = K - ——~— 
8—(3+)n 


_K 


8—(384+6)n-(3-n) (8+) 
JK 


8 — (8+) n 
(1+30) K 
8 — (8+5)n 
So that 
(+37) K 
p =A,Y r+ (aE Mign OS st as TP 55d (4) 
8 — (3+ur)n 
where— 
n 
B= 14+e¢,-2 = - — +o 
» 
n 
B,=1l+a,-n = —- 0 
> 
determined from 


The remaining constants Y,, Y, may be 
the fact that q=O at the bore ius R, and by assigning to 
q at the outer radius R of the dise the value Q. 


OF THE CONSTANTS. 


6. EVALUATION 
With these data, we have from Eq. (3) of Par, 5— 
3+0 
KR?+Q 


Y,R&14 YRS? = 5 
8 — (B+e)n 
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The solution of this) pair of simultaneous cquations in 
Y,, Y. is a question of elementary algebra. 
The solution is— 


» 
B+ir Ree Re ’ 
Ys si is — , KR! 
8-B+o)n RGR _R KR Fe 
RB, Me 
= Q 
R™p “eR SiR: 
nt 
Bte RMP RYERSS 


The stresses q and p may now be calewlated from the 
formule (3) and (4) of Par. 5. Such caleulation would obviously 
be a tedious matter, and it is much easier to use curves. like 
those given by H. M. Martin by means of which the 
at any radius may be found. Moreover, in all actual c 
highly stressed discs, the ereatest stress is the hoop. stress 
the bore. If we confine ourselves to the calculation of the 
stresses at the inner and outer radii of the disc, the construction 
of curves becomes simplified. 


7. PRACTICAL SHAPE OF ‘THE STRESS FORMULAE. 


Let p=P, at r=R, 
and p=P at r=R. 


Let also R 


In Eq. (4) of Par. 5, let P be written for p and R for r, 
and for Y, and Y, the expressions already found. P will then 
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be given by an expression made up of terms consisting of KR? 
multiplied by a constant and terms consisting of Q multiplied by 
a constant. If, then, the terms be collected into one group of 
KR? terms and another group of Q terms, we may express P 
in the form— 


P=AKR?+BQ.... (1) 


The constant A= 


[ B+e)B,—- U1 +3e))M “1 -[(8+0)8, — (1 +30)]M “2-(8+0) x 
(2p) Mt S22 


[8 — 8+o)n] [M“! — M 


fod 


sl 
and the constant B= 
B.M“1-p,M“: 
Mt — M 
Similarly, putting p=P, and r=R,, we find that P, may 
be expressed :— 
The constant A,= 


(3+0)(8,—B,)M?+[B-+0)8,—(1 +30)] M“1—[340)8,—U+30)]M “2 


[S—(G+o)n] M[M%1 —M 2] 


and the constant B,= 


MM“? 


I have worked out the constants A, B, A,, and B, for 
various values of the ratio M. They are given by the curves in 
Figs. 3, 4, 5, and 6, for all values of n from 0 to 3. The highest 
n that is ordinarily required is about 2.5. The higher n is, the 
greater the variation of dise thickness, and the less is our method 
of calculation valid, for it is dependent on the assumption that 
the disc is thin compared with its diameter and that the thickness 
does not change rapidly anywhere. 
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8. INDETERMINATE VALUES OF THE CONSTANTS. 


In working out the constants A and A, a difficulty is 
encountered when 8—(3-f¢) n, which occurs in the denominators 


of A and A,, becomes zero. It does so when 


hence the value of n in 


(For steel, ¢ may be taken as 0.2 
question is 2h). 


8 
Now when n= . 
_ Sho 
/ So 4 7 
iy Pie (, —) 
N 340 Bu 
5+ Br 
B+ 
4 5436 
e=-l+ oP — =)? 
Bor Ot 
4 5+36 I -bo 
+ = eed, 
3-bor 3+u B-ho 
4 5430 1486 
By a = 
3+6 B+ Bor 
4 543 
By z = 3 
3+o B+ 


By substituting these values of 2,, a, fy, fy we find that the 
numerators of A and A, become zero, so that A and A, assume 


ie) 

the form —, that is they become vanishing fractions, and are, 
oO 

in an arithmetical sense, indeterminate. We know, however, 


oO 
from the theory of the Differential Calculus, that the fraction — 


O 
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may have a perfectly definite value, and it will be seen from 


F and 5 that there is no discontinuity in the A and A, 
curves where n passes through the value 
8 
B+ 0 
8 
To find the limiting values of A and A, when n= 
38to 
we proceed as follows :— 
Put 8 — (8+o)n = 2v 
8 2dr 
or a => = ———s 
3+0 3+0 


where 2x is small, and in the last stage of the process will be 
put equal to zero. 

We have to find @ +2, the corresponding value of @, where 
gw is the increment of « corresponding to the increment 


2x 
61. = — 
3+6 
n\'74} 
bo = 6 [ 1+ one (-) | 
me 
1 n 
= —( ot én 
20 2 


1 B+o 4 Qx 
-> (+ = )(-=) 
2 543er B+0 3+u 


44-3e5+o* 
ax + 


~ Ba) (5-430) 


Similarly, we find— 


l=o 
$B, = —————. ¥ 
(8+0) (543 
38+o6 
5 Bp, = — ——, 27 


5 +30 


igs 
1S 
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SMS! = M™! (log, M) dex, 


Sho 
= M* (log, M) (- a * 
c no. 38 


D +b dir 
3B+o 
= - -. M* (log, M) 
B+3.r 1 
Similarly— 
, ~4,lte 
Lo B+6 
éM% = ~M (log, M)v 
(38+) (64+30) 
and in the same way— 
_ 4. ne 
aM%it%s—-2.—7- __ M " (log, M) = 
8+o0 


Now, substituting 


B,+éBy Pts M™) +6M, “1M S2+3M%2, Mi? 


a, 


aM 1 S272 
for 


Be Bo M%, M%, M&F &a72 


in the expressions for A and A, (see Par. 7), we find the limiting 
values of the constants (when x=0) to be: 


1- (+0) M: log M 
A L. io 


24-4306) 
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9. THE STRESS IN A THIN RING. 
The formule (1) and of Par. 7 give the hoop stre 
the sum of two terms, one proportional to the al stress Q 
at the outer radius, the other proportional to KR? which is the 
stress ina radially thin ring of steel of radius R inches rotating 
at N revs. per min. “This may be shewn as follows: Let lig. 


P«T 


DIAGRAM OF FORCES ON THIN RING. 
Fic. 7. 


represent a ring of small radial thickness T, 1 inch axial thick- 
ness. There is a volume of T cub. inches per inch of cireum- 
ference, therefore by Par. 3 the centrifugal force per inch of 
circumference is KRT Ibs. This is analogous to boiler pressure, 
since it acts radially outwards. We thus have— 


Pressure x Diameter =2 x Stress x Thickness, that is— 
KRT x2 R=2xPxT 


whence— P= ER; 
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10. THIN RING AS LIMITING FORM OF BORED DISC. 


If M=1, the bored disc has the form of an infinitely thin 
ring. It will be seen from Par. 7 that in this case B and By 
become infinite, that is, an infinitely thin ring is incapable of 
withstanding any superimposed radial stress. And (when M=1) 


A and A, again become vanishing fractions. 
Put M=1+x, x being small, so that its square and higher 


powers may be neglected, then, by the Binomial Theorem, 


The numerator of A becomes— 
[B+oe) B,-A+30)] «,* 
—[B+o)B,-(14+30)]«, * 
—@B+oMP,—B)(e + ©, 2) © 


and the denominator becomes— 
[8—@+o)n] (« - «,s) 


so that the limiting value of 


—(1+30)(«,- &,) + B+o)(«B.- ©.B8,)+ 28+0)(B,— B.) 


[8S—(@+e)n] («,— «,) 
a,—-a«, = B,—-B, = 2 


& B,— ~P, = 


eae ar ae oe a cae ea) 
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Therefore— 


— 2a +r) +261 — V3 +e) bel 3+) 
A= £5 


2o [S—Bt+o)n] 


=. 


In the same way we find that the limiti value of A, 
also=1, hence the formule (1) and (2) of Par. 7 each reduce to 


P=KR? 


when M=1. The stress in this limiting form of the bored dise 
is thus identical with the stress in a thin ring as found in Par. 9. 


ll. THE GENERAL SHAPE OF BORED DISCS NOT 
SUITABLE FOR SOLID DISCS. 


It is to be clearly understood that the foregoing investiga- 
tion relates to discs of ordinary proportions bored through the 
centre. The type of disc we have considered (defined by Eq. (1) 
of Par. 4) has no application to solid discs, or even to discs with 
a very small hole through the centre. It is only necessary to 
remark that such discs, if they extended to the centre, would 
there have infinite thickness. There is an important ‘exception, 
however: When n=0. This gives the disc of uniform thick- 
ness, a form not often used, but applicable, in favourable con- 
ditions, to both solid and bored discs. (See Pars. 15 and 16.) 


12. LOAD DUE TO RIM AND BLADI 


G. 


The function of a rotor disc is to carry the rim, which, in 
turn, carries the blades. The ring of blades constitutes a dead 
load, and the rim, while it takes a certain amount of hoop 
stress, is, on the whole, a burden on the disc. The actual stress 
in the rim is not of any particular interest, as it is always: lower 
than the hoop stress in the disc, but it is necessary to take it 
into account in order to arrive at the stresses in the disc. 

Let F =hoop stress in rim. 

J=nett section of rim in sq. inches. 
T=neck (or least) thickness of disc (inches). 
R,=mean radius of rim (inches). 

R,=mean radius of blading (inches). 
W,=weight of rim (Ibs.). 
W,=weight of blading (Ibs.) 

(See Fig. 8.) 
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Strictly, R, and R, should be radii of ¢ 


" ration, not mean 
radii, but it is convenient and sulliciently exact to take R, equat 
to the radius of the centroid of the rim section, and R, equal to 
the mean radius, commonly called the pitch circle radius, of the 
blades. 

The circumference of the disc being 2 < R, the centrifugal 
force in Ibs. per inch of disc circumference due to the rim alone 
is 


This is equal to 


Soy* WLR, 
“AUD KS X (—) a 
1000 R 


WR, 


= 50) hk: 
R 
Similarly, the centrifugal force in Ibs. per inch of dise cir- 
cumference due to the weight of the blading is 


WLR, 


The total load in Ibs. per inch of disc circumference is 
therefore 


W,R, + WR 


This is an outward force. There is an inward force due to 
the radial stress Q of amount QT Ibs. per inch, so that the nett 
outward force is 


"HOS KL 


This acts like a boiler pressure tending to burst the rim, 
and is resisted by the tensile stress in the rim itself. If we 
consider a diametral section of the rim (see Par. 9), it is evident 
that— 


WR, + WR, 
( “HOS KY = 
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13. HOOP STRAIN IN RIM. 


In this problem there are involved four stresses, P, Q, P,, 
and I, and so far we have only three equations, namely, (1) and 
(2) of Par. 7, and (1) of Par. 12. It will be seen that some 
further condition must be stated before we can solve for any ot 
the stresses. 

Now the hoop strain in the disc at its outer radius is, by (1) 
of Par. 1, 


P = oQ 
E 
This must be equal to the hoop strain in the rim, that is, to 
F 
E 
We thus have a fourth equation : 
BSP 6 O)sesivairamn nee (1) 


ld. GENERAL SOLUTION FOR BORED DISCS. 


The complete statement of the case is, then :— 


Be= AIRE BO) ccs s seat eecaccatactactenaadsatace- (1), Par. 7. 
PpSA RES BaO wiceneacisa stan eeateesecates. ct (2), Par. 7. 
QRT +FJ=.565K (W,R,+W.R, 1), Par. 12. 
F=P-,Q 13. 


‘To solve these equatiors for P, Q, P, and F, we have from 


(1) of Par. 7, and (1) of Par. 13— 
F=AKR*+BO-¢6Q 
therefore from (1) of Par. 12— 
ORT +(AKR2+ BQ ~.Q) J=-565K (W,R, +W,R,) 
which gives Q. The most convenient form of the solution is— 
W,R,+W,R, 
jr: 
Q= . KR 
RT 
— -otB 
J 
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Q being thus found, P is given by (1) of Par. 7, P, by (2) 
of Par. 7, and F by (1) of P I: 
Should Q instead of T be a 
and F are at once found, and T 


Par. 12, thus: 


ened at the outset, then P, P 
s found by transposing (1) of 


“565 K (W,R,+W,R,) —F] 
Te : 


QR 


15. BORED DISC OF UNIFORM THICKNESS. 


The bored disc of uniform thickness may be dealt with by 
the general method, the index n=0, and the ease is covered by 
the chz , 1, 5, and 6. It may also be treated as a 
very simple special case 

Referring to Pd » when n=0, o=+1. The effect of 
taking the negative instead of the positive value would be the 
same as that of interchanging z, and g., f, and Ris 
results would be the same whether we take the nega 
tive value. 


ts, Figs. 3 


our final 
ve or posi- 


Hence, taking «= +1, we have z,=0, 2.= =D =1, p= = 
Therefore, from Eqs. (3) and (4) of Par. 5 
¥, Bro 
q=Y,4+— - I sscwxnccegee( T) 
r 8 
¥, 1+30 
p=yY,- - BY epoca (2) 
8 
From (1) :— 
o= 
Q= 


Subtracting (4) from (3): 


1 1 do 
-Q=Y, ( ) + (KR? — KR,’) 
RF R* 


0 


¥, Bto 1 
=— (M-1) 4 G ) KR? 
R 8 
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whence— 
x, Sto KR Q 
Rg ME=1 
and from (3)— 
3+e y 
Y= , KR? = 
8 Ry 


Substituting in (1) and (2) : 


p=P where r=R, and=P, where f=Rys 


Btofl—o 1 M+1 
pes Ss :) KR? + i Oecnesataciis (5) 
4 \8+o0 M M1 
3+o ieee 2M" 
Pi —(1 pmcd ) KR? + 2 O seeilt) 
4 M? 3+o Mid 


If the hole through the centre is infinitely small then M = 
infinity, and 


l-oc 
Pe ae IRSA DO) arameiderasionchovtennln) 
+ 
Bt+o 
Be = 2. KRee 2Q <a) 


2 
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This not the case of a solid disc, however, because it is based 
on the assumption that q=O at the bore, nor is it of use for 
design purposes; it is given for comparison with the case of a 
solid flat disc. (See Par. 16.) 


16. SOLID DISC OF UNIFORM THICKNESS. 


In a solid dise, the radial and hoop stresses at the centre are 
indistinguishable, that is, P,=Q,. Considering a point very near 
the centre of the disc, then, equating (1) and (2) of Par. 15,— 


¥y 3B+0 ‘a Ieber 
— Kr= . Kr 


i s r s 


Multiplying throughout by r* and then putting r=O, we deduce 


Y¥,=0 
and therefore from (4) of Par. 15,-- 
Bto 
¥y, = ——. KR’ + Q 
S 


hence, substituting in (1) and (2) of Par. 15,— 


Bo 
q= (KR? — kr’) + Q 
8 
B+o0 
p= . KR - + Q 
Ss 
At the outer radius: 
l-o 
Pes, BR EO mpesmteemaaena(l) 
t 
and at the centre: 
3+oe 
Bs, RRS O cecicnnaneonanee () 
8 


Now comparing (1) and (2) with (7) and (8) of Par. 15, we sce 
that the hoop stresses at the outer radii of a flat disc with an 
infinitely small bore and a flat solid dise are equal (with, of course, 
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a given KR? and Q). But the hoop stress at the centre of the 
disc with infinitely small bore is exactly double the stress at the 
centre of the solid disc. 


17. DISC OF UNIFORM STRENGTH. 


It was noted in Par. 3 that a solid disc may be designed to 
have the radial and hoop stresses equal and uniform, such condi- 
tion being compatible with the strain equation (3) of Par. 1. 
Writing the equation of equilibrium (1) of Par. 2 in accordance 
with the condition— 


p=q=constant=Q 


we have— 
(Q—Kr?) t dr=Qd (rt) 
=Q (rdt +t dr) 

whence Qrdt= —Kr*t dr 
or 

dt kK 

— = — —.rdr 

t Q 
Integrating, 

Kr’ 
log, t= — — + constant 
e 20 


If T, is the thickness at the centre (where r=O) then 


the constant = log, sd 


t Kr’ 
log — = — 
nat 2Q 
Let 
K 
y= 


wo 
0 
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Then 
t 
log. —=-yPr 
T 
or 


t= T ev 


The thickness T at the outer radius R is 


T=T,e ays 
whence 
T,=Te 
and therefore— 
ne ae! ee (1) 
Eq. (1) of Par. 13 becomes— 
F=Q-oQ 
or putting =.25, we have stress in rim 
F=.75Q 


Eq. (1) of Par 12 becomes— 
QRT+.75 QJ=.565K (W, R,+W, R,) 
so that, if T is assumed,— 


W,R,+W,R, 


Q = 505 K, ——§@ ..... ee Q 
RT + .75 J 
Or, if Q is assigned instead of T,— 
. on K W,R,+W,R, i | 
T = .565 —. +75 


Q 7 _ aenasnd 


The disc of uniform strength has the form shown (exaggerated) 
in Fig. 9. It will be seen that the direction of curvature of the 
profile is reversed. The point of reversal is given by the condi- 
tion— 


d*t 
a ) 
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AXIS 


HALF SECTION 


DISC OF UNIFORM STRENGTH. 


Fic. 9. 
Since 
dt — 
— = — 2ylyre 7 
we find— 
at angi 
— = wleyv'-1)e77 
dr’ 
whence, by (4), the radius of the point of reversal is 


/1 /Q 


f= fo = 
2y K 
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18. ROTOR DRUM. 


This type of rotor may be used in reaction turbines if the 
blade speed is relatively low. Its treatment docs not strictly come 
within our subject, but the hoop stress in the drum is readily 
deduced from Eq. (1) of Par. 12, the drum being treated as a thin 
ring. 


Let— 


W,=weight of drum in Ibs. per inch length of drum. 
W, =weight of blading in Ibs. per inch length of drum. 


R,=mean radius of drum in inches. 
R,=mean radius of blading in inches. 
J=mean thickness of drum in inches. 


in drum. 


hoop stre 


Then it may be shown that 


W,R,4W 
J 


P= .505k. 


Compare this with Eq. 1 of Par. 12. 


19. MINIMUM THICKNESS OF DISC. 


The neck or least thickness of an impulse turbine disc should 
not be less than a certain minimum however low the stress 
good rule is to make this minimum equal to 


R, 


60 
but not less than 3” however small is R,, otherwise there is a 


chance of accidental distortion when the dise is handled in the 
shops. : 


20. SUMMARY OF FORMULAE FOR DISCS. 


1. Discs with Central Bore. 
R 


2 
T= — or T=}" whichever is the greater. (Par. 19.) 


He) 
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Take a trial value of n (this will be known approximately, from 
experience, for different types of rotor), and from the charts 
Figs. 3 and 4 obtain A and B. 


WR, EWR, 
ee ea 
Q . KR 
RT 
—— - +8 


(1), Par. 14. 


-(1), Par. 7. 


P=AKR?+BQ.. 


If the stresses P and Q are satisfactory, proceed to obtain A, 
and B, from Figs. 5 and 6. 


Also, PSP = 2b D senssinsssiecsaeniescensaivs (1), Par. 13. 


but it may not be necessary to take out F, which is always less 
than P. 

If Q, thus found, is too high, then T should be increased. 
If P or P, is too high, then a higher value of n must be tried. 
If P and P, are both lower than they need be, a lower n may be 
tried. Should Q instead of T be determined on at the outset, 
find n, A. B, Ay, By, and calculate P, P,, and F. Then— 


1565 K (W,R,+W,R,) — FJ 


w= 
QR 
sawenanweneban seasons ens (2), Par, 14 
The thickness of this type of dise at any radius r is 
iG 
tS He samsanieenammenanh (1), Par. 4. 
n 


and the constant C=TR” 


Il. Flat Disc with Central Bore. 


This must have a thickness not less than, say, 2”. 
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In this case, n=O. A and B are found from Figs. 3 and 4, 
or calculated from the simple formulee— 


W373 1 
ce (= a 
1G X13 M* 


OF aitaseasainite cata (5), Par. 15. 
M41 \ 
Bs } 


M*-1 


Q is then found as in I. 

If Q is too high, T must be increased. 

P is found as in I. 

A, and B, may be read from Figs. 5 and 6, or obtained from 
the formulaee— 


13 3 
A, = —{ I+ = 
16 13 M* 
Stenson (6), Par. 15. 
2M? 
B= 
M-1 


P, is then found as in I. 

If P or P, is too high, T must be increased. 

If Q is assumed instead of T, find A, B, Ay, B,, and proceed 
as in I, 


III. Flat Solid Disc. 


Figs. 3, 4, 5 and 6 do not apply. 


3 
A= — 

UO 7e) saseeaae tecsrntentaans (1), Par. 16 
geal 

13 
A, = 

BCG? exedeuiceabsqasicansinnsinn (2), Par. 16. 
B,=1 ) 


Otherwise the procedure is the same as in II, 
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IV. Dise of Uniform Strength. 


The least thickness T may be fixed as in I. 


WR, #EW,R, 


f= op— = 
Q R R 
Ean eee (2), Par. 17. 
Also,  F=.75 Q. 
The thickness of the disc at any radius r is 
_ a y(R?= 1) 
BE ete eectien (1) Par. 17, 
where 
kK 
a) 


21, EXAMPLE 1. 


A dise carrying blades 45” mean diameter is to run at 3300 
revs. per min. The bore diameter is 10”, and the neck radius is 
19”. Mean radius of rim is 20", nett section ar 2.6 sq. ins. 
‘The weight of the rim is 80 Ibs., and of the blading 70 lbs. The 


stres not to exceed 16,000 Ibs. per sq. in. Find the shape of 
the disc. 
R 19 
M = — = — = 3'8 
R 5 


Ny a 
Nw? 
K=s8 x(—) =S X 3. 
Lovo 


KR? =87 x 19°=31400 


W, R,=80x20 =1600 
W, R,=70 x 22.5 = 1575 


W,R,+W, R, =3175 
JR2=2.6 x 197 =940 
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W,R,+W,R, BITS 
“505 X = .565 X = 191 
JR 940 
R, 22.5 
r= — = —_— = 375 
60 GO 
RT 19X °B75 
—_ = — = 2°74 
J 2.6 
Subtract : 125 
RT — 


—— — = 2.49 


J 


W,R,+W,R, 


"505 —————_ - A 
JR! 
C= — x KR? 
RT 
—— = 07 48 
J 
lol — A 
= —— x 31400 
249 +B 


Taking a trial value of n=2, we find from Figs. 8 and 4—- 


A=.14, B=.63 


177 
Q = —— X 31400 = 17800 Ibs. per sq, in, 

3.12 

which is beyond the limit of 16000 allowed in this case 
It is therefore necessary to make T greater than the minimum 

of gs let Toy" =.4875, 
Then 

RT 19 X 4375 

—_ = —— = _ 3.20 

J 2.6 
Subtract .25 


RT 
J 
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With n (as before) =2,— 


1.91. —.14 
Q = ——— x 31400= 15500 Ibs. per sq. in. 
2.95 -+.63 


AKR?=.14 x 314100=4100 
63 x 15500 =9800 


From Figs. 5 and 6, Ay= 


S;, By =B9% 


A, KR? =.37 x 314100 = 11600 
B,Q=.39 x 15500= 6050 


P,=A,KR? + B,Q-—17650 Ibs. per sq. in. 


This stress, again, is too high, and we have to try a higher index 
in addition to the inereased neck thickness of ji". 


Assume n=2.2, then from the charts, 
A=.13, B=.60, Aj=.34, and B,=.33. 
1.91-—.13 


x 31400=15700 Ibs. per sq. in. 


AKR#=.13x 31400= 4100 
BQ=.60 x 15700= 9400 


P=13500 Ibs. per sq. in. 


234 x 31400 = 10700 
3 15700= 5200 


P= 15900 Ibs. per sq. in. 


Hence, a neck thickness of ji" and an index 2.2 will be satisfac- 
tory. To get the shape of the dise— 


and the thickness at any radius r is 


Cc 2846 
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Krom this the following figures are obtained :— 


The dise is drawn to seale in Fig. 10. The calculated dise is 
shown by the dotted lines, the full lines representing the form to 
which the dise may be machined. 


+ 


” 


iO Diam. 


BORED DISC.— EXAMPLE 1. 
Fic. 10. 
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22, EXAMPLE 2. 


The mean diameter of the blading of a lightly loaded disc is 
28”. Weight of blading 25 lbs. Rim weight 19 Ibs., mean 
radius 12.5”, section area .85 sq. ins. Neck radius 11.5”, bore 
8.25” diameter. Revolutions 2000 per min. Find the stresses, 
(a) if the disc is made according to an index of .6, with a neck 
thickness of .25”, (b) if the disc has a uniform thickness of .75”. 


1L5 
M= =2.8 
4°125 
K=8 x 2?=32 


KR?=32 x 11.5?= 4232 


W, R, + W, R,=588 
W,R,+W,R, +565 X 58S 


565 X - = 2.96 
JR? 85K LL5 


(a) From the charts, A=.26, B=1.07, A,=.72, B,=1.63. 


RT 11-5 X.25 


— = = _ 3339 

i} ESD 
Subtract : +25 
3-14 


2.96 —.26 
Q= x 4232=2710 Ibs. per sq. in. 
3-14-+-1-07 


AKR?= .26 x 4232=1100 
BQ =1.07 x 2710=2900 


P=4000 Ibs. per sq. in. 


72 x 4232 = 3050 
63 x 2710 =4420 


P,=7470 lbs. per sq. in, 
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(b) From the char 
B=l.29, Ay=.81, B, 


(with n=O) or by calculation, A=.29, 
29. 


RT 11.5 X.75 
—._ = = 10-15 
J “ND 
Subtract: 25 
9.90 
2.95 =.29 
Q = ——— « 1232=1010 Ibs. per sq. inch. 
Me O-b 1.29 
AKR?= .29 x 1232 = 1230 
BOQS= 1.29 x 1010 = 1300 


P=2530 Ibs. per sq. in. 


50 
10 


P,=5860 Ibs. per sq. in. 


23. ISXAMPLE 3. 


A solid dise is {” uniform thickness. The blading is 34? 
mean diameter, 50 Ibs. weight. The rim is 15” mean radius, 
2A sq. ins. section, and 51 Ibs. weight. Neck radius 14”. Revo- 
lutions 3500. Find the stresses at the neck, and the stress at the 
centre. 


We have 


K=8x 3.5°=98 


IKRF=98 x 14° = 19200 


W, R,+W, R.=1660 

JR°=2.4x H?=470 
1660 

565 x = 2.00 


+470 
Subtract A=.8,= .19 


1.81 
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RT 1b X S75 
— = ——_ =5.10 


Qt 
Subtract : «20 
4.85 
Add B= 1.00 
5.85 


s, Ue 


BQ= 1x 5950=5950 


P=9550 lbs. per sq. in. 


«In 


24. EXAMPLE 4. 


The spindle of a solid rotor is 10” diameter. The mean 
diameter of blading is 36”, the revolutions 4500. The blading 
weight is 15 Ibs. The rim, 33” mean diameter, 3.2 sq. ins. 
section, is 70 Ibs. weight. The neck is 15.5” radius, 3” thickness. 
Find the shape of the disc, which is to be uniformly stressed. 


K=8 x 4.5°=162 


W, R,=70x 16.5=1155 
W, R,=415x18 = 810 


Q=.565 x 162 x 1965 


10.16 
=17700 Ibs. per sq. in. 
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K 162 1 
Y= mies: = 
2Q 2* 17700 219 


pa roth =r 


or log, t = log, .5 + 


lO clam. 


—— aia 1 AXIS. 
HALF SECTION. 


SOLID DISC .— EXAMPLE 4. 
Fic. 11. 


Hence the following thicknesses may be calculated :— 


r 15.5 12.5 10.5 9 8 


t 5 731 -899 1.028 1.109 


1410 Ibs. 


the grooves are §" wide x 3” deep. 
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The dotted lines in Fig. 


11 show the calculated outline of the dise 
and the full lines show the simplified form to which the dise is 
turned. 


25. EXAMPLE 5. 
The longest blades of 
diameter. The rows are | 


a reaction turbine rotor are 10" mean 
an 
1 


pitch, cach row having a weight of 


—-—-- 


SECTION OF 


DRUM AND 


FL_ADING 


OF REACTION TURBINE —EXAMPLE 5 


Fic. 12. 


The drum is 


2" outside diameter and 


What is the 
drum when the rotor runs at 1500 revs.? (See Fig. 


" thick, and 


in the 


Tie STRENGTH oF 


81 sq. ins. 


14« 2 
ux 


4.26 


Therefore, mean thickness of drum= 


4.26 
— =2.44" 
1.75 
Mean radius of drum approximately = 
32-244 
= 14.8" 
2 


Weight of drum, Ibs. per inch length of drum= 
26x 14.8 x 244 x .28=63.5 


Weight of blading in Ibs. per inch length of drum= 
140 


K=8x 1.5°=18 


W, R,=63.5x 1.8= 910 
»=80 x20 =1600 


2540 


2.44 
= 10600 Ibs. per sq. in. 


26. STRESS IN RIM FLANKS. 


Rotatinc Discs. 


A severe stress often arises in the rim flanks of impulse 


turbine rotors. 


Referring to Fig. 13, and considering 1 inch 


length of the rim, then, if the centrifugal load }, Ibs. per inch is 
taken equally by the two flanks, there is a bending moment 4} 


on each flank in addition to the direct tension } }. 
produces the direct stress— 


ux 


Vv 


The latter 


47 


Discs. 
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while the bending stress is— 
EAU 
iv? 


Hence the combined stress in the Nanks is 


Xx 
av 
From Par. 12 it will be seen that the load per inch 
W, R, 
A=.565K 
Ss 


S being the groove radius as indicated in Fig. 13. 


DIMENSIONS FOR CALCULATING 


FLANK STRESS. 
Fic. 13. 


Tue Srr 
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EXAMPLE 6. 


A row of blades 50” mean diameter has a weight of 198 Ibs. 
The blades are 11" wide, the neck of the root is 3”, and the 
groove radius -S is 20". The width of the rim is 22”, 
lutions are 2500. Examine the strength of the flanks. 


The revo- 


-565 x 50x 


20 
=7000 Ibs. per inch. 
In Fig. 13 the flank V is equal co 


+ (Rim width—Blade width) 


therefore = V The arm U is ¥ (Shoulder + Flank) 


and (Shoulder + Flank) is equal to + (Rim width — Neck), therefore 


U=} (Rim width —Neck) 


98 _& 
Ae: 8 
4 
U sf 
bx— = 6 X — = 25 
v wes) 
Therefore, stress in flanks= 
7000 . 
x 4.5=21000 Ibs per sq. in. 
2x .75 


This stress is higher than is usually allowed in other parts of a 
disc, and it would be desirable to reduce it by increasing the rim 
width. 

Some designers allow very high flank stresses—I have noted 
stresses, calculated on this basis, approaching 30000 Ibs. per sq. 
inch. Considering that turbines may be run above their designed 
speeds, and that all centrifugal stresses increase as the square 
of the speed, it is most advisable that stresses be kept below so 
high a value which gives so iittle margin under the elastic limit. 


Where possible, flank stress should be limited to 12000 Ibs. per 
sq. in, 
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27. FORCE FIT OF WHEEL ON SIVINDLE. 


Due to strain when a disc rotates, the bore of the hub en- 
larges much more than does the aft on which the dise is 
mounted, and, unless the dise is given initially a tight fit, it may 
become loose when rotating. 


P 
0 
The centrifugal strain at the bore is —, therefore if the disc is 


DIMENSIONS FOR CALCULATING 


SHRINKAGE STRESS. 


Fic. 14. 
mounted on the shaft with a force fit or shrinkage strain ¢ rather 
FE, 
greater than — it will remain tight during rotation. (3, of course, 
E 


is a ratio; it is sometimes expressed as so much of an ‘ inch, 
per inch.’’) When the rotor is stopped, the strain 3 is divided 
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between the hub and the shaft; the hub is in tension, the shaft 
in compression, ‘The tensile stress in the hub is greater than the 
compressive stress in the shaft. Again, the stress in the cylin- 
drical ends of the boss (the weakest parts of the hub) is greater 
than the stress near the middle of the bo but even at the ends 
of the boss the stress is less than Ix 2, on account of the com- 
pression of the shaft. 


(See Fig. 1.) 
Let 1), =diameter of shaft 
D= si boss 
dD, 
and 2S 
D 


then it may be shown that, when the rotor is at rest, the stress 
in the cylindrical ends of the boss is 


L+ ye 


Exgx ——— lbs. per sq. in. 
2 


ENAMPLE 7, 


The centrifugal hoop stress at the bore of a rotor dise is 
18000 Ibs, per sq. in. The dise has a bore of 153", and the boss 
diameter is 18’. The seat has a taper of 4” per foot on diameter. 
Determine a suitable driving allowance, and the initial stress in 
the boss. 

The shrinkage strain should be greater than 


P 18,000 
— = ———._ = _ 0006 
i 30,000,000 


that is, 0006” per inch of diameter, ‘Therefore the corresponding 
allowanee on the diameter is 
0006 x 15.25 =.00915" 
per ft. is Tin d8, hence the corresponding driving allowance is 
OO9TS x =." 


then the allowance on diameter is 


IW 
4 


Make it 4”, 
5 
— =.0101" 
A383 
and the strain 
“1042 
= = .O0008 
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The initial stress in the boss is therefore 


30,000,008 x .LU0G8 x «86 
= 17500 Ibs. per sq. in. 


28. PRACTICAL CONSIDERATIONS. 


All our rules for discs of varying thickness are dependent on 
the assumption that the thickness varies slowly. For that reason, 


in discs of the form tr? =constant, the index n should not, if 
possible, be higher than 2. In discs of uniform strength, the 
thickness at the centre should not be too disproportionate with the 
thickness at the neck. In De Laval discs where the variation of 
thickness is great, there is extra thinning below the rim so that 
fracture if any will occur there and allow the rim with the blading: 
to come to rest, the centre part of the disc being thus relieved, 
Regarding the magnitude of str that may be allowed in 
rotor discs, this may be as high as 25000 Ibs. per sq. inch, with 
suitably good material. With '34 to 38 ton steel, as is used in marine 
work, a maximum stress of 18000 Ibs. per sq. in. is certainly low 
enough. Sharp corners or edges on a rotor dise should be avoided. 
The rim should be well rounded, and the dise proper well radiused 
to the rim and to the boss. There should be no tool marks on the 
finished dise—a seratch may be the ‘genesis of a fracture—the 


finish should be dead smooth. It is the excellent practice of at 
1 one firm building turbo-generators to leave the discs highly 


polished. 
29. APPENDIX. 
(a) The volume of a disc is very simply found when 


tr’ = TR” = constant = C 


oR 
= feertar 
R 


Volume 
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2-n 


If n=O, then C=T, and 


Volume = 
lt w= 1, C=R0: 
Volume =2z RT (R-R,) 


If n=2, a vanishing fracture is involved. Finding the limit- 
ing value, we get— 


Volume = 


If greater exactness is required, then we consider the trapezoidal 
sections which form a radial section of the machined disc. Let 
R, be the inner and outer radii of such a trapezoidal section, 
Tis Tes the corresponding thicknesses of the disc. 

The area of the trapezoid is 


: 
Ri, 


Tae 


(ReR) % 


and the radius of the centroid is 


T42T, 


R, ste. 
3 THT, 


therefore, by Pappus’ Rule— 


R,-R, T4927, T,+T, 
Volume = 27] R,4 ‘ (R,-R)) ra 
3 at, 2 


5 Meal tare 2a T, +27, 
= 0-8] KT) + =R) — | 


The weights of the rim and boss have to be added to the weight 
of the dise proper to get the weight of the complete wheel. 
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(b) To find the index n when the shape of the disc is known, 


we have— T,. Ro” = 'T, R,” 


therefore 


log T, + n log R, = log T, + n log R, 


whence 
log-T, — log T, 
n-=* 


“log R,’— log R, 


(c) In these days we often have, in the case of marine geared 
turbines, to work out the critical speeds for torsional vibration, 
For this purpose we require to know the moments of inertia of 


the rotors. The moment of inertia of a disc of form tr™ =con- 


stant is 
*R 
f Dertdr 
JR 
AR 
=I7l i Par 
“ R, 
Rin Rio 
27C 
q-n 


“R - 
Volume a | QarTje Y° dr 


0 
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—yP =T the neck thickness. Therefore— 


Ta 


But T, e 


Volume = =. 


y 
(e) The moment of inertia of this disc is 
R 


f QePT vv ar 


0 


Integrating by parts, we obtain— 


or, since yR? = log, —, moment of inertia= 


r 
T I le 
—| T,-T - os 
=L (1+ log, =) | 


30. MEMORANDA. 


e= 2718281828 

log, C=0.4342945 

g=386 inches per sec.* 

For steel, weight=.283 Ib. per cub. inch. 
For stecl, E=30,000,000 Ibs. per sq. inch. 
For steel, ¢=.25 


Centrifugal force in Ibs. on weight of W Ibs. at radius R 
inches and N revs. per min. 
=(Mass) x (Radius) x (Angular Speed)? 


w 2aNy? 
=_xRx ( ) 
g 60 
N 2 
= Wx Rx( ) 
1877 
N 2 


= 284xWxRx (—) 
1000 
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